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KMS WEIGHTS ON HIGHER RANK BUILDINGS 


JAKE MARCINEK AND MATILDE MARCOLLI 


Abstract. We extend some of the results of Carey-Marcolli-Rennie on modular index 
invariants of Mumford curves to the case of higher rank buildings. We discuss notions of 
KMS weights on buildings, that generalize the construction of graph weights over graph 
C'*-algebras. 


1. Introduction 

Methods of operator algebra and noncommutative geometry were applied to Mumford 
curves in 0. B. 0. 0. using graph G*-algebras associated to quotients of Bruhat-Tits 
trees by p-adic Schottky groups and boundary algebras associated to the action of the p- 
adic Schottky group on its limit set in the conformal boundary of the Bruhat-Tits tree. In 
particular, in [3, invariants of Mumford curves are obtained via modular index theory on 
the graph G*-algebra of the quotient of the Bruhat-Tits tree by a p-adic Schottky group. 
The modular index theory depends on the construction of KMS weights for a suitable time 
evolution on the G*-algebra. These are obtained via a combinatorial equation dehning graph 
weights. The goal of this paper is to develop a similar theory of KMS weights for higher 
order buildings. 

We focus in particular on the case of rank 2 buildings. In the case of buildings of type 
A 2 and their quotients by type rotating automorphisms, a class of G^-algebras generalizing 
the graph G^-algebras were constructed in ng mi, as higher rank Cuntz-Krieger algebras, 
which generalize the usual Cuntz-Krieger algebras [7j. For T a group of type rotating 
automorphisms of an A 2 -building B, which acts freely on vertices with hnitely many orbits, 
the buildings G*-algebra of |T6] mi has the very natural property of being isomorphic to the 
boundary algebra C{dB) xi T describing the action of the group on the totally disconnected 
boundary at inhnity dB. 

In this paper, by considering simple generalizations of the combinatorial equations dehning 
graph weights, we introduce other possible G*-algebras associated to rank 2 buildings, which 
generalize the Cuntz-Krieger (CK) relations of graph G*-algebras. We hrst recall some 
facts about graph weights and we give a cohomological interpretation of the graph weight 
equation. We then consider two-dimensional analogs of graph weights. 

Our construction applies to an arbitrary hnite CW complex (in particular this includes 
the case of spherical buildings and of certain quotients of affine buildings). The algebra we 
associate to 2-dimensional CW complex B is just the tensor product of two graph algebras, 
respectively associated to the 1-skeleton B^^'^ of B and to a suitably dehned boundary complex 
Bg, which, respectively, account for the incidence relations in codimension one and two. 
Under suitable conditions on the graphs, these are also higher rank Cuntz-Krieger algebras, 
although of a simpler kind than those considered in ra mi- We introduce a suitable notion 
of weights, the 2D CW weights, on 2-dimensional CW complexes that generalize the graph 
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weights. We construct such weights on the resulting C^-algebras and we show that they are 
KMS weights with respect to a natural time evolution. 

We compare the construction of KMS weights on the algebras of 2-dimensional CW com¬ 
plexes with possible constructions of KMS weights on the higher rank CK algebras of affine 
A 2 buildings of ng im. We present explicit examples illustrating the general constructions. 

We then discuss the case of spherical buildings of rank at least three, where a crucial result 
of Tits shows that such a building jB is entirely determined by its foundation B 2 (C), where 
C is a chamber of jB, which is an amalgam of rank two buildings. This result is the key to 
the classihcation of spherical buildings [ 23 ], [ 23 ] • Higher rank affine buildings can in turn be 
classihed in terms of their spherical building at inhnity, [26j . 

We then describe a splicing construction for graph weights and we show that it can be 
applied to the 2D CW weights. We show that this splicing construction applied to 2D CW 
weights on the generalized niij-gons in the blueprint of a higher rank spherical building 
can be spliced to obtain a 2D CW weight on the entire foundation E 2 {C). 

The question of extending the results of [2] from (quotients of) Bruhat-Tits trees to 
higher rank buildings was posed to the second author by Ludmil Katzarkov, in relation to 
the recent work [8]. While at the moment we do not see a direct connection between the 
operator algebraic approach described here and the construction of [H], the present work is 
motivated by this longer term goal. 

Acknowledgment. The hrst author was supported by a Summer Undergraduate Re¬ 
search Fellowship at Caltech. The second author is supported by NSF grants DMS-1007207, 
DMS-1201512, PHY-1205440. 

2. Graph G^-algebras, graph weights, and KMS weights 

In this section we recall some essential aspects of the construction of graph weights and 
KMS weights on graph G*-algebras, as obtained in [2]. We also give a more geometric de¬ 
scription of the combinatorial graph weight equation, in terms of a cohomological condition. 

2.1. Graph G*-algebras. We associate to any directed graph E = {E^, E^,s,r) the C*- 
algebra C*{E) generated by the projections {Pv\v G E^} and the partial isometries {S'e|e G 
E^}, subject to the relations 

( 2 . 1 ) S:Se = Erie) 

for all e E E^, and 

(2.2) a = Y 

s(e)=v 

for every v E E^. We refer the reader to [9] for a survey of graph G*-algebras. 

In particular, it is known Hg that the graph G*-algebra C*{E) of a directed hnite graph 
E with no sources and no sinks is a Cuntz-Krieger algebra, as dehned in [7]. These are 
algebras generated by partial isometries Sa, for a hnite alphabet a G 21, with relations 

(2.3) A,, S,Sl 

b a 

where A = {Aab) is an ^21 x ^2t-matrix with entries in {0,1}. 
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2.2. States, weights, and time evolutions. We recall the notion of states and weights 
on C^-algebras, time evolutions, and the KMS condition for equilibrium states. 

Definition 2.1. A state on a unital C*-algebra A is a continuous linear functional ip : 
M —)■ C satisfying normalization (^9(1) = 1 and positivity ip{x*x) > 0 for all x ^ A. Let 
cr : M —)■ Aut(M) be a continuous 1-parameter family of automorphisms (a time evolution). 
A state If is a KMSg state, for some ft G M+, if for all x,y E A there exists a function 
that is analytic on the strip X/j = {z G C | 0 < < (5} and continuous on the boundary 

dig, satisfying = ii{at{x)y) and F,,^y(t + ift) = 'if{yat{x)). 

For details on the properties of KMS states, we refer the reader to the extensive treatment 
in [1]. An equivalent formulation of the KMS condition is obtained by requiring the existence 
of a dense subalgebra of analytic elements, invariant under the time evolution, where the 
identity (p{xy) = ipiyaiy^x)) holds for all x,y. 

Weights on C'*-algebras are dehned as follows, see [3]. As in the case of states, there is a 
GNS representation associated to weights on C'*-algebras. 

Definition 2 . 2 . A weight on a C*-algebra A is a function fj : A'^ —>■ [0,oo], such that 
'if{x-\-y) = 'if{x) +V’(i/) for all x,y E A'^ and f){\x) = Xfj^x) for all A G M+ and all x E A~^. 
A weight extends to a unigue linear functional f) : Ad,/, -E C, where Adp is the span of all 
elements a E A'^ with f)[x) < oo. The weight is densely defined if AA^p is dense in A. The 
weight is lower semi-continuous if the set {x E A'^ \ f){x) < A} is closed, for all A G M+. A 
non-zero weight is proper if it is both densely defined and lower semi-continuous. 

Let Np, = {x G A\fj{x*x) < oo}, so that Ad.^ = Suppose given a continuous 1- 

parameter family at of automorphisms of A. A proper weight "0 on M is a KMS weight, with 
respect to the time evolution at if ip is an equilibrium weight, ip o at = ip, and, for all x,y E 
Af^nAff, there is a function F^^y that is analytic on the strip Xi = {z G C | 0 < < 1} and 

continuous on the boundary dXi, satisfying F^^yit) = ip{at{x)y) and F^^yit + i) = ip{yat{x)). 
Notice how this dehnition matches the KMSi condition for states discussed above. 

A different way of dehning the KMS condition for weights would be by requiring that 
Ip o at = Ip and that, for all x in the domain of at and xy E AA^j, one has ip{xy) = ip{yai{x)). 
If the weight is faithful, the time evolution a is uniquely determined by ip and the KMS 
condition and is referred to as the modular group of ip. 

See [3] and m for more details on KMS weights and for the equivalence of various different 
dehnitions. For recent results on KMS weights on graph G*-algebras, see also [31] . 

2.3. Graph weights and KMS weights on graph algebras. In |3] a construction of 
KMS weights on graph G^-algebras is obtained in terms of a combinatorial notion of graph 
weights and the construction of explicit solutions to the corresponding graph weight equation. 

Let be a hnite graph, = {ui,...,u„} with Vr+i, ■ ■ ■ ,Vn the sinks. As usual, let 
s,r : ^ be the source and range maps. For any vertex v E E^, we dehne the edge 

bundle at v to be the set By = {e E E^\s{e) = v}. 

Definition 2 . 3 . A generalized graph weight on E is a pair ofM.-valued functions {g. A) on 
E^ and E^, respectively, satisfying 

(2.4) g{v) = He) 9 {r{e)) 

e&B„ 
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for each v E that is not a sink. A generalized graph weight {g, A) is called 

(i) faithful if g is never zero and 

(ii) special if A is constant. 

The word “generalized” is dropped and (f?, A) is simply called a graph weight if g and A are 
nonnegative. 


Let fi = Hi - ■ ■ Hn denote a sequence of oriented edges in with s(/ii+i) = r(pj). The 
linear span of elements of the form for oriented paths p and u with r(p) = r(z/), is 

dense in the graph C^-algebra C*{E), see |9]. 

As shown in Theorem 4.5 of [2], there is a one-to-one correspondence between faithful 
graph weights on a locally hnite directed graph E and faithful proper weights on C*{E), with 
spanjS'^S'*} C AT,/,, that are invariant under the gauge action dehned by 'yz{Se) = zSe, for 
2 ; G U{1). For the reader’s convenience, we sketch below both directions of the implication, 
and also the KMS condition satished by these weights. 

Let {g, A) be a faithful graph weight on E. Consider the linear functional 


(2.5) : span{A^^*} ^ C, = <5^,^ A(z/) g{r{iz)), 

where for a path z/ = we set X{i>) := A(z/i) ■ ■ ■ A(r'„). It follows from Proposition 4.4 

of [2] that this V’(g,A) ^ KMS weight on C*{E), with respect to the time evolution defined 

on the generators as 


( 2 . 6 ) 


CT,(S.) = A(e)-‘ S. 


The KMS condition follows from the graph weight equation, the relations (2.1), (2.2), and 

it 


MS.St) = 


\H^)J 


s,s:. 


Conversely, if : spanjS'^S'*} —)■ C is a proper faithful gauge invariant weight, then setting 

g(v) = 'ifiPv), and A(e) = ^ 

determines a faithful graph weight. 

Thus, the question of constructing KMS weights with respect to suitable time evolutions, 
is phrased in [2] in terms of the following combinatorial question. 

Question 2.4. Does there exist a faithful special graph weight on E? Specifically, in the 
case studied in [2], we are interested in the case A G (0,1). 

In [2] a method for constructing solutions is presented, which is adapted to the type of 
graphs that occur as quotients of Bruhat-Tits trees by p-adic Schottky groups, namely graphs 
that consist of a hnite graph (the dual graph of the special hber of the Mumford curve) with 
inhnite trees attached to (some of) its vertices, [I3]. We discuss here a cohomological method 
of addressing the same question. 
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2.4. Graph weights: cohomological approach. The approach is as follows. Fix A G M 
(or restrict to (0,1) if preferred). Construct a chain complex and dual cochain complex, 
whose 0-cocycles are precisely the special generalized graph weights with parameter A. The 
existence of nontrivial special generalized graph weights is equivalent to the nontriviality of 
the 0-cohomology group, . We then inspect the boundary map to check whether such 
nontrivial special generalized graph weights are faithful special graph weights. 

Let the 0-chains be 

Co = Mn 

the n-dimensional M-vector space with the vertices as a basis. Let the 1-chains be 

Cl = 0 MB, 

v£E0 

the n-dimensional M-vector space with the edge bundles as a basis. We have a chain complex 

O^Ci^Co^O 


where 


dm 


0 


Now dualize to obtain the cochain complex 


if B, = 0 
otherwise. 





0 


Lemma 2.5. The elements of the subspace = ker(5) < are the special generalized 
graph weights. 

Proof. It is easy to see that the 0-cocycles (the subspace = ker(^) < G°) are precisely 
the special generalized graph weights, because for all v E 


(2.7) 


0 = 6g{B,) = g{dB,) 


0 if B, = 0 

^ EeeB„ 9{r{e)) - g{v) otherwise 


either gives no relation if n is a sink or gives the relation in Equation 2.4 in the case where 
A is constant. □ 


Proposition 2.6. There are nontrivial special generalized graph weights if and only if ^ 
0. This happens if and only if det{d) = 0. 

Proof. We always have the trivial special graph weight with = 0. There are nontrivial 
special generalized graph weights if and only if = Z^ is nontrivial if and only if Hq is 
nontrivial if and only if d is not surjective (or equivalently not injective). This is the case if 
and only if det(9) = 0. 

With respect to the ordered bases {B,^,..., B,„} for Ci and {ui,..., Vn} for Go, the matrix 
representation of d is 

(2.8) M = (Amij) - (/, © 0n_,) 

where rui^ is the number of edges from Vi to vj. 
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Now suppose (xj) G ker((9). Then g G hy g(vj) = Xj is in fact a cocycle and hence a 
special generalized graph weight. Conversely, if G Z^, then {g{vj)) G ker((9). In particular, 
there exists a faithful special graph weight with parameter A if and only if 


ker(M) n M"o ^ 0 


or, equivalently, 1 is an eigenvalue of M + J that has an eigenvector with strictly positive 
components. This second equivalence is precisely the statement of Lemma 4.6 from [2]. □ 

Remark 2.7. This reasoning is easily generalized to (not necessarily special) graph weights. 
The matrix M simply becomes 


(2.9) 


M 


/ \ 

s{e)=Vi, 

\r(e)=Vj / 


{Ir © On-r)- 


3. 2-dimensional CW complexes 

In this section we consider a hrst approach to generalizing the previous construction 
from graphs to higher dimensional combinatorial objects, with particular focus on the 2 - 
dimensional case. Here we consider the general setting of a 2-dimensional CW complex. We 
introduce a generalization of graph weights, which combine a graph weight on the 1 -skeleton 
of the CW complex, with a graph weight on a “boundary graph” of the 2-dimensional com¬ 
plex. We then discuss a construction of a C*-algebra of the 2-dimensional complex, which 
combines the graph C'*-algebras of the 1 -skeleton and the boundary graph. We consider 
hnite 2-dimensional CW complexes, oriented in the following sense. 

Definition 3.1. Let B be a finite 2-dimensional CW complex. We say B is oriented if its 
1-skeleton, B^^\ is a directed graph with range and source maps r, s : B^ ^ B^ and there is 
a map 

A” 

where < S'„ is the subgroup of cyclic permutations, i. e. generated by {12 .. .n). We further 
reguire if ^{a) = (ei,..., e„), then r{ei) = s(ej+i), i G Z/nZ. 

Now to any hnite 2-dimensional CW complex, we associate a notion of a boundary graph. 

Definition 3.2. Let B = (H°, B^, B‘^, r, s, u) be an oriented finite 2-dimensional CW complex. 
Define the boundary graph of B to be the directed graph Bo with Bq = B^ and an edge from 
Cl to 62 for each instance that 62 follows ci over all i'{a),a G B^. The corresponding range 
and source maps are denoted dr, ds, respectively. 
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3.1. Rank 2 graph weights and 2D CW weights. We now propose some notions of 
2D CW weights, for finite 2-dimensional CW complex, which generalize the notion of graph 
weights recalled above. 

The idea is to consider, separately, graph weight equations for the 1-skeleton of the 
2-dimensional CW complex and for the boundary graph Bg, and then impose a relation 
between the edge function A of the graph weight of B^^^ and the vertex function A of the 
graph weight for Bg. 


Definition 3.3. Let B be an oriented finite 2-dimensional CW complex. A quadruple of 
nonnegative real functions {g,X,X,r]) on B^, B^, B^ and B^ respectively, is a rank 2 graph 
weight on B if they satisfy 

(3.1) g{v) = Ke) 9 {r{e)) 

s(e)=v 

(3.2) A(e) = ^ i?(a)A(e') 

u{a)5e 

for all V & B^ and e & B^ where the first sum is taken over all e ^ B^ with s{e) = v and 
the second sum is taken over all a E B"^ and all appearances of e in i/(cr) and C is the edge 
following that appearance of e in i^(ct). 


Remark 3.4. Note that Condition 3.2 is precisely Condition 3.1 for Bg. This gives us an 
alternate formulation of a rank 2 graph weight. 


Definition 3.5. A rank 2 graph weight on the oriented finite 2-dimensional CW complex 
B is a triple of nonnegative real functions {g, A, A, rj) on {B^, B^, B^,B‘^) such that {g, A) is a 
graph weight on the 1-skeleton BA') and {X,ri) is a graph weight on Bg. 


In Dehnitions |3.3| and [375 
Condition 


3.1 


we have not imposed any relation between the solutions of 


and 3.2 However, it is natural to require that the functions A(e) and A(e) on 


B^ are related. We consider two possible choices of relations between these functions. 


Definition 3.6. Let B he an oriented finite 2-dimens iona l CW complex. A tight 2D CW 
weight on B is a rank 2 graph weight, as in Definition 3.3 where A(e) = A(e) for all e G Hh 
A 2D CW weight on B is a rank 2 graph weight where A(e) = X{e)g{r{e)), for all e G Hh 

We can then refer to a 2D CW weight (or tight 2D CW weight) as a triple of functions 
{g, A, 7]) on (i3°, B^, B"^). In analogy to the graph case we make the following definition. 


Definition 3.7. A 2D CW weight (or tight 2D CW weight) {g,X,ri) on an oriented finite 
2-dimensional CW complex B is called 

(i) faithful if g, X, and rj are never zero and 

(ii) special if rj is constant. 

If we loosen the definition of a (tight) 2D CW weight and we only require that {g,X,rj) is a 
(possibly negative) triple of real functions, we say {g,X,g) is a generalized (tight) 2D CW 
weight on B. 


The strategy for constructing faithful special 2D CW weights (or tight 2D CW weights) 
is then summarized as follows. Let B he a finite 2-dimensional CW complex. Starting at 
the top dimension and moving down, we obtain a similar result as Lemma 4.6 in [2]. We 
are interested in determining whether B admits a faithful special (tight) 2D CW weight. 
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Figure 1. The rank 2 building B. 


Inspired by Definition 3^, we first want to determine whether the graph Eg admits a special 
graph weight. By §2.4[ we have a bijective correspondence between the space of faithful 
special graph weights (A,p) on Eg and ker(Mgg) fl where Mgg is the matrix from 2.8 
corresponding to Eg. 


Remark 3.8. If every edge in E^ belongs to a face in E"^, then there are no sinks in Bg, 
hence det(Mgg) is a polynomial in p and each generalized faithful special graph weight (up 
to scalar multiples of A) on Eg corresponds to a root of this polynomial, of which there are 
finitely many. Say the unique generalized faithful graph weights are 

{(cAi,?7i)|l < z < fc,c e M}. 

Since we are interested only in faithful special graph weights, we do not consider any pairs 
with < 0 or cAj not everywhere positive. 


This gives a list (finite up to positive scalar multiplication of A) of graph weights on Eg. 
We may then use Remark |2.7| to check which of these assignments of A extends to a graph 
weight on E^^\ Here we use either the condition that the function A(e) itself has to be the 
edge function of a graph weight on E^^'^ (tight 2D CW weight) or the condition that there 
should be a nowhere vanishing vertex function g{y) such that, A(e)/ 5 '(r(e)) should be the 
edge function of a graph weight on E^^'^ with vertex function g(y) (2D CW weight). The 
assignments that do satisfy these conditions are, respectively, the tight 2D CW weights and 
the 2D CW weights on E. 


3.2. Examples of 2D CW weights and tight 2D CW weights. We now provide a 
simple example to illustrate the construction described above. Consider the oriented finite 
2-dimensional CW complex E given in Figure This oriented 2-complex E has E^ = 
{m, n, X, z/, ^}, E^ = {a, 6, c, d, e}, and E^ = {a,/3} with range and source maps as shown in 
Figure The two chambers in E"^ are attached via {a,b,c,d) and {d,e,f). The boundary 
graph Eg is given in Figure]^ It has Eg = {a, 6, c, d, e} = E^ with range and source maps as 
shown in the figure. 

Lemma 3.9. The faithful special graph weights on the boundary graph Eg of Figure are 
pairs (A, rj) where g is the unigue positive root of the polynomial p{g) = 1 — and 
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Figure 2. The boundary graph Bq of the rank 2 building B. 


A = CXq, for an arbitrary C G and Aq is the function 
(3.3) Ao : (a, 6, c, d, e, /) ^ V, 1, v)- 

Proof. If (A, 77 ) is a special graph weight on Bq, then Condition |2.4 gives the following linear 
system of equations 


A(a) = rj \{b) 

m = vKc) 

A(c) = r] A(d) 

A(d) = r] A(a) + r] A(e) 

A(e) =vKf) 

xif) = vm 

which has a nontrivial solution in A if and only if 


(3.4) 


0 = det 


/ 1 
0 
0 

-r] 

0 

V 0 


-V 

1 

0 

0 

0 

0 


0 

- 7 ] 

1 

0 

0 

0 


0 

0 

- 7 ] 

1 

0 

- 7 ] 


0 

0 

0 

- 7 ] 

1 

0 


o\ 
0 
0 
0 


- 7 ] 

1 


1 — 7]^ — 7]"^ = pfq). 


(0,1) so we have 

Now A must be a scalar multiple of the function (3.3), say A = CAq, C G Ml. □ 


One can easily check that the polynomial p has only one positive root po G 
V = Vo 


When we consider the condition for 2D CW weights, we look for pairs of functions {g, A) 
satisfying the graph weight equation on the 1-skeleton B^^\ with the relation X{e)g{r{e)) = 
A(e). We obtain the following result. 


Proposition 3.10. The faithful special 2D CW weights on the finite 2-dimensional CW 
complex of Figure are quadruples {g, A, A, p) with p = po the positive root of p{p) = 1 — 

p^ — p^ = 0 , 

(3.5) 

(3.6) 


g : (x, y, z, u, v) ^ {Cp‘^, Cp, Cp, Cp \ C) 

X : (a, 6, c, d, e, /) ^ (Cp^ Cp\ Cp, C, Cp\ Cp) 
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and with A the function constant equal to rj = rjo on all edges. 


Proof. By Definition 3^ in order to obtain a faithfnl special 2D CW weight from a graph 
weight (A, p) on Bq., we look for a faithfnl graph weight (^f, A) on B'^l with \{e)g{r{e)) = A(e). 
The latter condition gives eqnations 


A(a)^(a:) = Ct]^ 
Kb)9{y) = Crj^ 

\{c)g{v) = Cr] 
X{d)g{u) = C 
~Ke)9{z) = CTf 
Xif)g{v) = Cv, 

while the graph weight reqnirement gives the eqnations 

g{v) = X{d)g{u) 

g{u) = X{a)g{x) + X{e) g{z) 

g{x) = X{h)g{y) 

g{y) = X{c)g{v) 

9{z) = X{f)9{v). 


These have solntions 

A(a) = X{b) = A(c) = A(e) = A(/) = y, X{d) = [rf + 
g{x) = Cy^, g{y) = Cy, g{z) = Cy, g{u) = C{y^ + y‘^), g{v) = C. 

Since = ?7o is a root of p{y) = 0, it satisfies = y~^, hence we obtain the statement. 


□ 


Similarly, we find that the solntions above fit into a larger 2-parameter family of faithfnl 

2D CW weights that have possibly different values y{cri) ^ y{cr 2 ) for the two faces of Figure[^ 

Corollary 3.11. The faithful 2D CW weights are quadruples of functions {g,X,X,y) with 

p(cTi) = Pi and y{o'2) = y2, where pi,p2 ^ 1 ^+ satisfy yf + y2 = l and with 

(3.7) g : {x, y, z, u, v) ^ {Cyj, Cyu Cy 2 , C{yf + yl), C) 

(3.8) A : (a, 6, c, d, e, /) ^ (pi, Pi, Pi, (p? + yl)~^, P 2 , P 2 ) 

(3.9) A : (a, b, c, d, e, f) ^ (pi, Pi, pi, 1, P 2 , P 2 ). 

Proof. The argument is exactly as before with graph weight equations on Bq giving 

A(a) = p(cri) X{h) 

X{b) = p(cTi) A(c) 

A(c) = p(cri) A(d) 

A(d) = p(cri) A(a) p(cr 2 ) A(e) 

A(e) = p(ct 2 ) A(/) 

Kf) = vi(Z2) X{d) 
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which has a nontrivial solution in A if and only if 
(3.10) 




0 = det 


V 


1 

0 

0 

0 

0 


1 

0 

0 

0 

0 


0 

1 

0 

0 

0 


0 

0 

1 

0 

-vi^2) 


0 

0 

0 

-v{^2) 

1 

0 


0 \ 
0 
0 
0 

-v{^2) 

1 


= I - ri{a2f - vM 


The solutions are multiples A = CAq of the function 

(3.11) Ao : (a, 6, c, d, e, f) ^ {rfl, rji, 1, rjl, 772 ), 


where 771 = 77 (cri) and 772 = ? 7 (o' 2 ), satisfying 77 ^ + 773 = 1. We then consider the system of 
equations 

\{a)g{x) = Cgl 

Kb)9iy) = Crjl 
A(c) g{v) = Cgi 
\{d)g{u) = C 
= Cgl 
Kf) 9 iv) = ^ 772 , 


which express the condition A(e) 5 '(r(e)) = A(e) of the 2D CW weights, as well as the condition 

g{v) = X{d)g{u) 

g{u) = X{a)g{x) + X{e) g{z) 

g{x) = X{b)g{y) 

g{y) = X{c)g{v) 

9{z) = X{f)9{v)- 


that (^f, A) is a graph weight on These have solutions as in (3.7) and (3.8). This gives a 
2 -paramter family of solutions depending on C, 771,772 G with the relation 77 ^ + 772 = 1. □ 


In the case of tight 2 D CW weights, we consider solutions (CAq, 770 ) of the faithful special 


graph weight equation on Bg, as in Lemma 3.9, and we impose the condition that the same 
function A = CAq extends to a graph weight {g,X) on the 1 -skeleton B^^\ Thus, we can 
characterize the faithful special tight 2D CW weights as follows. 

Proposition 3.12. The faithful special tight 2D CW weights on the finite 2-dimensional 
CW complex of Figure^ are of the form {g,CXo,r]), with 77 the unigue positive root of 
p{r}) = 1 — 77 ^ — 77 "^, the function Xq as in {3.3), C is a positive root of q{C) = 1 — C^rf — C^rf 
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and giy) is a solution of 

g{u) = Ct]^ g{x) + 07]"^ g{z) 

g{x) = Cg^giy) 

g(y) = Cgg{v) 

g(y) = C g{u) 

g[z) = Cgg{v) 


Proof. Condition 2A on the 1-skeleton gives the system of equations above. These have 
a nontrivial solution in g if and only if 


(3.12) 


0 = det 


1 

0 

0 

-C 

0 


—Cg^ 

1 

0 

0 

0 


0 

-Cg^ 

1 

0 

0 


0 

0 

-Cg 

1 

-Cg 


-Cg^\ 
0 
0 
0 

1 ) 


= 1 - cV - c'V = g(C'). 


4.^6 


Since g > 0, q has a positive root. Positive roots are the values of C for which there is a 
nontrivial faithful special tight 2D CW weight (^f, CAq, i^o)- D 


3.3. C^-algebras for finite 2-dimensional CW complexes. We consider here a class 
of C*-algebras C*{B) of 2-dimensional CW complexes 13, obtained as products of graph 
C*-algebras for the 1-skeleton and the boundary graph of B. 

Definition 3.13. Let B he an oriented finite 2-dimensional CW complex. Let C*{B^^'^) and 
C*(Ba) be the graph C* -algebras associated to the 1-skeleton B^^'^ and the boundary graph Bq. 
Let C*{B) = C'*(i3W) 0 C*{Bd). 


In terms of generators and relations, the algebra C*{B) is then generated by two indepen¬ 
dent and commuting CK families, {P^, Se} for the graph and {Pe, So-,e} for the boundary 
graph Ba, respectively, satisfying the relations 


(3.13) 

when V is not a sink, 

(3.14) 


= />,,,), p«= Y. 


e: s(e)=D 


cr: e£u(a) 


where e! follows e in z/((j). This construction immediately suggests a natural extension to 
higher ranks. 

Remark 3.14. If the hnite graphs B^^'^ and Ba have neither sources nor sinks, the algebras 
C*{B^^^) and C*{Ba) are Cuntz-Krieger algebras. In that case C*{B) = C*{B^^^) ® C*{Ba) 
is a higher rank Cuntz-Krieger algebras (in the sense of [IB]) of rank two. 


Definition 3.15. Let be the linear span of elements of C*{B) of the form S^S^SnS'f, 
for a pair of multi-indices (/i, u) consisting of two paths of oriented edges in B^^l with r(/i) = 
r(n) and a pair of multi-induces (D, A) consisting of two paths of oriented edges in Ba with 
r{Q) = r(A). 
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Lemma 3.16. The subspace Ms is dense in C*{B). 

Proof. It is known that, for a graph algebra C*{E), the span of the elements S^S*, associated 
to paths of oriented edges with r(/i) = r(z/), is dense in C*{E). In the case of a product of 
two graph algebras, we similarly have a dense span of products with (/r, u) and 

(n. A) respectively given by oriented paths in the two graphs. □ 

Lemma 3.17. Let B be an oriented finite 2-dimensional CW complex. Suppose given func¬ 
tions T] -. ^ and X : B^ ^ Setting at{Se) = A(e)**S'e and at{Sa-,e) = v{o'y^Sa,e 

determines a time evolution on the C*-algebra C*{B). 

Proof. The time evolution acts on elements by 

ayS.St) = j S,SU 


MSnSl) 



SnSl 


where A(/x) := A(ei) ■ ■ ■ A(e„) for an oriented path /r = ei • • • and = piui) ■ ■ ■ vicTn) 
for an oriented path 12 = (cxi, ei) ■ ■ ■ (an, e„). This extends continuously to a time evolution 
on the C^-algebra. □ 


Proposition 3.18. Let {g,X,X,ri) be a rank 2 graph weight (as in Definition 3.3) which is 
faithful (the functions g, X, X, rj are nowhere vanishing). Set 


(3.15) yiS^SlSnSl) = A(ei) ■ ■ ■ X{en)g{r{en)) r]{ai) ■ ■ ■ r]{am)X{a'^), 


where p. = ei • • • e„ and 12 = (ai, Oi) ■ ■ ■ (cXm, Om) with following in i^(am)- This 
uniguely defines a weight tjj : Ms —>■ C that is gauge invariant and satisfies the KMS 
condition with respect to the time evolution determined by at(Se) = A(e)**S'e and at(Sa,e) = 
ri(ay^Sa,e- Conversely, given a faithful gauge invariant weight : Ms ^ C, with the 
property that the ratio 'i((Sa,eSf f()/'4’i.Pe) only depends on a and not on the chosen edge e in 
^(a), setting 


9 {v) ='4)(Py), A(e) 


y{SeSi) 

y{sis,y 


A(e) = 'ilj(Pe), r]((T) 




determines a faithful rank 2 graph weight. 


Proof. In particular we have i({SeS)) = X{e)g{r{e)) and V’( 5 'o-,e 5 '* e) = v{o')X{e'), with e' 
following e in i^(ct). The KMS condition implies that 'ip(S*^Sa,e) = ^'(^(e)) = fj(Pr(e))- 
The graph weight equation g(v) = X]s(e')=i;i^^kes this compatible with the CK 
relation (3.13). Similarly for the CK relation (3.14) and the graph weight equation A(e) = 
y^eeuia) vio')X(e'). Note that the weight (3.15) is a product f) = ®' 1(2 oi KMS weights on 

the graph algebras C*(B'd'>) and C*(Bq), respectively. The argument is then analogous to 
the case of graph weights discussed in Proposition 4.4 and Theorem 4.5 of [2]. □ 
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3.4. A comment on 2D CW weights and algebras. In the construction of the algebra 
C*{B) and the KMS weights associated to rank 2 graph weights, there are no relations 
between the projectors Pg of (3.14) and the projectors in (3.13), hence the resulting algebra 
C*{B) is just a product of two independent CK algebras, the graph algebras and 

C*(Bq). Similarly, at the level of weights, we considered the general form of rank 2 graph 
weights, with no a priori relation between the functions A and A. It would seem more natural 
to require, in addition to the CK relations (3.14) and (3.13), that the projectors Pg associated 
to the edges in the boundary graph Bq are related to the projections SgS^ in the graph B^^\ 
For example, a relation of the form Pg = SgS^ would reflect, at the level of KMS states, the 
2D CW weight relation X{e)g{r{e)) = = A(e) = '^(-Pe)- However, in general it is 

not possible to impose additional relations on the algebra C*{B). In fact, doing so would 
correspond to taking a quotient of C*{B) with respect to a two-sided ideal X generated by 
the additional relations. However, it is not always possible to have nontrivial quotients of 
C*{B). Indeed, let P be a graph without sinks, satisfying the following conditions: 

(1) every loop in E has an exit 

( 2 ) given any vertex n G P° and any inhnite path 7 , there is a A: G N such that there is 
an oriented path from the vertex v to the vertex 5 ( 7 ^) (cohnality). 

Then it is known that graph C^-algebras C*{E) is simple, see Theorem 1.23 of [21]. The 
C^-tensor product of simple C^-algebras with identity is again a simple C^-algebra (Theorem 
1.22.6 of [20]). Thus, if both graphs B^^'^ and Bg satisfy the two conditions above, the algebra 
C* {B) does not have any nontrivial two-sided ideals. One should therefore regard the special 
cases of 2D CW weights and tight 2D CW weights discussed above simply as arising from 
KMS weights for some special choices of time evolutions on C*{B) where the phase factors 
A(e) that rotate the isometries 5g are related to the values ilj{Pe) = A(e). 


4. C*-ALGEBRAS AND WEIGHTS FOR A 2 -BUILDINGS 

The construction described in the previous section is very simple and quite general, and it 
applies to arbitrary hnite 2-dimensional CW complexes. In the present section, we consider 
the case of A 2 -buildings, for which a different construction of a C^-algebra, which is a rank 
two generalization of graph algebras, exists [16]. We discuss how one can construct KMS 
weights compatible with the algebras of [I 6 ]. We refer the reader to §9 of [19] for a general 
description of the affine An-i buildings. 

Let H be a locally hnite thick affine rank 2 building of type A 2 . In order to move to the 
realm of hnite buildings, we wish to consider quotients of B by hnite index A 2 groups. 

Such a building H is a rank 2 chamber system whose chambers are triangles. The apart¬ 
ments of B are the subcomplexes isomorphic to the Euclidean plane tesselated by triangles. 
The Weyl chambers are the 7 r/ 3 -angled sectors composed of the chambers in some apart¬ 
ment. We dehne an equivalence relation on the sectors of B. We say sectors A and B are 
equivalent and write A B ii and only if A fl H is a sector. 

The boundary D of H is dehned to be the set of equivalence classes of sectors in B. Fix 
some vertex O m. B oi type 0. For each a; G D there is a unique sector [0,uj) G u with 
vertex O, see [19], Theorem 9.6. We endow D with the topology with the collection indexed 
by vertices v in B 

(4.1) 


D(r;) = {a; G D I n G [0,u)} 
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as a base for the topology. In this topology, is a totally disconnected compact Hausdorff 
space. 

Let r be a group of type rotating automorphisms of B that acts freely with hnitely many 
orbits on There is a natural action of T on ff. As with the graph case, where the 
C*-algebra C*{E) is Morita equivalent to C{dE) xi tii{E)^ we have a C^-algebra C*{B/T) 
associated to B/V, which is Morita equivalent to the crossed-product algebra C(ff) xi T. 
The latter is shown to be a higher rank Cuntz-Krieger algebra, [I6]. We hrst recall the 
construction of this algebra, from §1 of |16j . 


4.1. Higher rank Cuntz-Krieger algebras of A 2 buildings. Consider a Coxeter com¬ 
plex of type A 2 , isomorphic to the apartments in B. Each vertex is assigned a type in Z/3. 
Fix a vertex of type 0 as the origin and coordinatize the vertices by 1? with the axes being 
two of the three walls meeting at (0, 0). Let t be the model tile and pm the model parallel¬ 
ogram of shape m = (mi, m 2 ) based at (0,0). That is, pm is the parallelogram spanned by 
(0, m 2 1) and (mi 1, 0) and t = p(o,o)- 
Now let be the set of type rotating isometries pm —)■ B. Then let 

(1) Wm = r\®m, 

(2) = Um*Bm, 

(3) >V = UmkVm. 

In the special case of t, we call these sets 

(1) X = iB(o,o), the set of type rotating isometries t ^ B, 

( 2 ) A = r\i. 

For any shape m G we have two maps t, o : f8m —^ X by t{p){l) = p{m + l) and o{p) = p |t. 
Next we consider two {0,1} matrices with entries indexed by A. For a,b & A, let 


(4.2) 


Mi{a,b) 


1 if G iBei such that a = To{p), b = Tt{p) 
0 otherwise. 


We then follow the construction of the C*-algebra A from §1 of [16] with respect to 
the alphabet A and transition matrices Mi and M 2 . It is shown in [T6| that the words 
Wm correspond to Wm and the decorated words Wm correspond to Wm- Now recall the 
corresponding C*-algebra is generated by the partial isometries {Su,v \ u,v &W and t{u) = 
t{v)} subject to the relations 


( 1 ) 

(2) Su,vSv,W = Su 

(3) = 


E 




j, for 1 < j < r 


'w£W;cr{w)=ej ,o{w)=t{u)=t{v) 

(4) Su,uSv,v = 0 for M 7^ n G Wo- 


4.2. Weights on A 2 buildings and their quotients. We now look for suitable gener¬ 
alizations of the graph weights equations, similar to the general case of 2-dimensional CW 
complexes considered in the previous section, but adapted to the relations of the rank 2 
Cuntz-Krieger C^-algebra A of [Tn| recalled above. We show that there is a very simple con¬ 
struction of KMS weights for the algebra A that closely resembles the case of graph weights 
on trees. 
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The partial isometries generating A are now parameterized by pairs of words corresponding 
to type rotating isometries of parallelograms into &. Following the graph case, we dehne a 
state in the C^-algebra first on the span of elements of the form ST* where S and T are 
partial isometries from the usual generating set, i.e. of the form Su,w, u,w & W. Following 
the graph case further, we would like (j){Su,wS*^^) = 0 unless {u,w) = (v,x) in which case 
Su,wS*^ = Su,u by our initial projection. We therefore hrst look for weights satisfying 
g{u) = 4){Su,u)- We now have two hnal projections inducing two relations on these weights: 

(4.3) g{u) = g{uw) 

w£W]cr{w)=ei, 

o{w)=t{u) 

for both i = 1,2. 

Notice that, unlike the case of the 2D CW weights considered in the previous section, these 
two relations do not involve cells in different dimensions. They simply show how different 
partial isometry weights relate as the embedded parallelogram is expanded to a new row of 
chambers in each of the two directions. In the higher rank case of affine An buildings one 
similary expects the relations to explain how embedded n-parallelepiped weights relate as 
the n-parallelepiped is expanded in each of the n possible directions. 


Proposition 4.1. The positive cone of the A-dimensional real space parameterized by 
{g{v) G ]R+|n G A] determines solutions of (4.3) of the form 

(4.4) g{u) = 

where {mi, m 2 ) = cr{u). 


Proof. We construct two graphs, Gi and G 2 , that have vertex set W and an edge from u 
to uw for each a{w) = Ci with o{w) = t{u). Using the transition matrices Mj, we already 
know how to hnd solutions for graph weights. To search for g, we then can simply take the 
intersection of the space of graph weights with all edge weights equal to 1 on Gi and on 
G 2 -I respectively. As discussed in [15], there are exactly q + 1 faces adjacent to any given 
edge. Thus, each vertex (word of shape m = (mi, m2)) is the source of exactly q^ edges with 
distinct ranges in Gi, all of which are words of shape m + Cj. In other words, each Gi is the 
union of directed trees of valence q^. Since the edge weights are all set to be equal to one, 
we would expect the weights to decay exponentially with factor Graph weights on trees 
are very easy to construct and to match up between Gi and G2. For example, one can take 

~g{u) = g-(-i+-2) 


or more generally, any function of the form (4.4). 


□ 


This case, as is clear from the fact that it is constructed using graph weights on trees 
with edge weights equal to one, corresponds to a trivial time evolution on the algebra A. 
In order to see more interesting and more general cases that correspond to non-trivial time 
evolutions, it is convenient to reformulate the construction of the algebra A as in §3.4 of [18] . 

We consider triangle buildings where the group F acts simply transitively on the vertex 
set in a type rotating way. A projective plane P of order q = p'^, for some prime p, has 
q^ + q + 1 points, and + g + 1 lines L, with each point lying on g + 1 lines, and each line 
containing g + 1 points. As shown in §3.3 of [TS], the incidence relations of (P, L) determine 
a triangle presentation of a group F = {a^,, a: G P | a^aya^ = 1}, with the relations occurring 
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Figure 3. Sectors defining the sets 


whenever the points (x, y, z) satisfy y G A(x), where A is a bijection between the set of points 
and the set of lines in P. There is a corresponding triangle building B, whose vertices and 
edges are the Cayley graph Cayley(r) and whose chambers correspond to {g, gcix^, gciy) with 
g E T and (x, y, z) with y G A(x), as above. 

As shown in §3.4 of [H], the algebra A can be equivalently described as generated by two 
families of partial isometries where the pairs (a, h) range over generators a,b ^ P with 


6 G A(a). There are {q + + q + 1) such elements. Let ^ denote the set of elements 

(c, d) obtained in the following way: there are + g +1) — (g +1) = g^ choices of an element 

isfying x G A(c) and d G A(c) with 


The set 


d ^ A (6); for each such d there is then a unique c sa 
a, b, c, d, X in a sector as in the first diagram of Figure 
for a sector as in the second diagram of Figure 
Let Pa-i,b denote the projection on (^(n) xi ~ 

Xo(a-i,6) of the clopen subset b) C hi. The partial isometries 

the Cuntz-Krieger relations 


,b 


is similarly defined 


with a ^ A(c). In both cases ^ = q^. 

T determined by the characteristic function 

respectively satisfy 


± 
a~^ ,b 


(4-5) S-^-\b^'^*a-\b=Va-\b and S-^*a-\bS't-l,b = ^^t-\d^'^*c-\d^ 

with the sum ranging over pairs (c, d) G and 


(4-6) '^a-1,6'® a-1,6 Pa-^,b and S a-^,b^a-^,b ^ ^ ^g-^.d ^ 

summed over pairs (c, d) G We also use the notation g^_i ^ ^ 

Using this presentation of the algebra A, we can reduce the construction of KMS weights 
for A to the construction of graph weights. Given a triangle building B constructed as above, 
we construct graphs Gg with set of vertices and edges 

l^(Gp = {(o,6)eF : 6eA(a)}, 

The graphs have (g + l)(g^ + g + 1) and g^ edges out of each vertex. 


Proposition 4.2. Let {(g±, A±)} be the set of faithful graph weights on the graphs Gg. Then 
pairs of solutions {g±, X±) satisfying 

(4.7) X+{a~\b) g+{a~^A) = A-(a“\6) g_(a“\ 6), 
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for all {a,b) G V{G^), determine a KMS weight on the algebra A, with respect to the time 
evolution determined by 


(4.8) 

Proof Set 




hb- 


g±{a ,6). Condition (4.7) ensures that setting 

yiPa-pb) = X+{a~\b) g+{a~^,b) 


is well defined. Equivalently, this means 


A±(a \b) = 




By construction, xjj determines a KMS weight on the CK algebras generated, respectively. 


by the partial isometries with respect to the time evolution (4.8), as discussed in 12.3 

Condition (4.7) ensures that the weight and the time evolution (4.8) extend compatibly 


to the algebra A. We extend linearly to A by setting 

i/) ~ Xai{cii Al) ' ' ' Xani^n ibn) ganiPri ibn) 


on monomials of the form for multi-indices jj, = /ii,...,/i„, v = with 

fii = {ai,bi), b'j = {cj,dj), as above, and with multi-indices a, (3 with aiAj ^ {=t}- D 


4.3. Triangular 2D CW weights. Another possible construction of weights generalizing 
graph weights to rank 2 buildings of type A 2 can be obtained by adapting the idea of 2D 
CW weights discussed in ij^to the triangular structure of A 2 -buildings. 

Definition 4.3. A triangular 2D CW weight is a 5-uple of functions {g, X, X,Va,Vb), with 
g defines on the set of vertices, A, A on the set of edges, rjA^PB on the set effaces, satisfying 

(4.9) g{v) = Me)g{r{e)), 

s(e)=v 

(4.10) A(e) = pA(c^)A(e") = Y VBi(T)X{e), 

a:e£D(a) a:eGu{o-) 

where e' is the edge preceding e in z/((t) and e" is the edge following e in zz((t). A tight 
triangular 2D CW weight is as above, with A = A and tja = Vb- A triangular 2D CW weight 
is faithful if all the functions take strictly positive values and special if rj = tja = Vb is a 
constant. 

We show this construction in one sufficiently simple illustrative example. 

Proposition 4.4. The group 

( 4 . 11 ) r = (a;i,0 < t < 6 I XoXoXQ,XoX2X3,XiX2XQ,XiX3X5,XiX^X^,X2XiX5,X3X4XQ) 

determines an A 2 -building with 7 egdes e*, 7 faces at, and 1 vertex v. Then the set of all 
possible special faithful tight triangular 2D CW weights on this building is a one-parameter 
family given by {g{v) = g e M+, A(ej) = 1/7, g{ai) = 1/3}. 
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Proof. The group T of (4.11) is an A 2 group of order q = 2, hence it has + q + 1 = 7 
generators. Now consider the T-action on Cayley(r). Two triangles lie in the same T-orbit 
if and only if they have the same edge labels. Let B = Cayley(r)/r. The building B has 
exactly 7 edges {xq, ..., xe} and 7 faces given by the relations in the presentation of T. 
Equation (4.10) for a triangular 2D CW weight consists of two sets of seven linear relations. 
A nontrivial solution in A exists if and only if 


1 

1—1 

0 

-VA 

0 

0 

0 

-9a\ 

0 

1 

-9A 

-9A 

0 

-9A 

0 

0 

0 

1 

-9A 

-9A 

0 

-9A 

-VA 

0 

0 

1 

-9A 

-9A 

0 

0 

-Va 

0 

0 

1 

-9a 

-9a 

0 

-Va 

-9a 

0 

-9a 

1 

0 

\ -PA 

-9a 

0 

-9a 

0 

0 

1 / 


— (—1 + 3r7^)(l + Pa + 2p^)^(—1 + 2r]\). 


The matrix for rjB is just the transpose, so one obtains the same equation. Both give possible 
positive values {1/3, l/\/2} for rjA and rjB- By adding rows one obtains the relations 

6 6 6 

K^i) = ^Va A(xi) = 3r]B \{xi). 

2 = 0 2=0 2=0 


Thus, the only case that gives rise to faithful weights ispA = Ps = 1/3. Any constant 
function X{ei) = A > 0 is then a solution. In fact, since the matrix has rank 6, these are the 
only solutions. For the one vertex, (4.9) gives g{v) = choice 

of A to be X{xi) = A = 1/7 for alH = 0,..., 6, while any arbitrary g{v) = p G will be a 
solution. □ 


These are tight 2D CW weights in the sense discussed in hence tlw correspond to 
KMS weights for time evolutions on the algebra C*{B^^^) <S) C*{Bq) as in 


5. Higher rank buildings, residues, and foundations 

We now consider cases of buildings for rank greater than two. A classihcation of spherical 
buildings of rank at least three was given in [22] . A simpler proof based on the classihcation 
of Moufang Polygons, [23] , is given in [25] . 

One associates to a spherical building B an edge-colored graph Gg, whose vertex set 
V = V (Gb) is the set of chambers of B, with two chambers connected by an edge whenever 
they have a common panel (codimension one faces of chambers). The set X of types is the 
set of edge coloring. If a panel has type X \ {i}, then the corresponding edge in E = E{Gb) 
is labelled with the color z G X. Spherical buildings have hnite apartments. Moreover, the 
building is thick if every panel is a face of at least three chambers. The rank of B is the 
cardinality of X. See [I9] and es for more details. 

A spherical building of rank two corresponds in this way to a generalized n-gon Gg, 
namely a connected bipartite graph with diameter n and girth 2n, where the diameter is the 
maximum distance between two vertices and the girth is the length of a shortest circuit. In 
the thick case, vertices of the same type have the same valence and if n is odd all vertices 
have the same valence. Moreover, for thick spherical buildings, n is constrained to take 
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values in the set {2, 3,4, 6, 8}, and the valencies are also constraints, see §3.2 of [19] for a 
detailed account. 


5.1. Foundations, residues, and amalgams. More generally, a rank N spherical building 
B determines an iV-partite graph Gg, where the neighborhood of any vertex is the graph of 
a rank N — 1 spherical building. Via this reduction process, the fundamental blocks that 
determine the structure of rank N buildings are identihed with certain rank 2 cases, which are 
special types of rank two incidence geometries (generalized n-gons): the Moufang polygons. 
More precisely, given a subset J dX, the j7-residue Gb,j = Resj'(Gg) of Gg is the (multi- 
connected) graph obtained from Gg by removing all edges whose color label is not in J. 
Panels correspond to j7-residues of Gg with = 1. The residues Gg^j in turn correspond 
to buildings Bj = Resj{B). Given a chamber C d B, that is, a vertex vc € V(Gg), the 
subgraph E 2 {C) C Gg given by the union of the rank two residues containing G is called 
the foundation of B. It is known that for thick spherical buildings of rank at least three, 
B is uniquely determined by E 2 {C). The foundation E 2 {C) is an amalgam of buildings of 
rank two, and can be decomposed into a gluing of Moufang Polygons. This reduces the 
classification to a (difficult, but known) classihcation of Moufang Polygons, obtained in [23] . 
This provides a quick sketch of the main idea in how one obtains a classihcation of spherical 
buildings, [25]. This also suggests that, in order to construct G*-algebras, quantum statistical 
mechanical systems, and KMS weights, associated to the geometry of higher rank spherical 
buildings, for rank at least three, it would suffice to have a suitable construction of such 
objects associated to the Moufang Polygons. 

We proceed by constructing a G*-algebra, obtained as described in ^ associated to the 
foundation E 2 {C) of a spherical building B. We identify E 2 {C) with the 2-dimensional CW- 
complex determined by the incidence relation of chambers, condimension one panels and 
codimension two panels of B. We then construct KMS weights on the G*-algebra C*{E 2 {C)) 
obtained in this way, by assembling tight 2D CW weights (in the sense of Q associated to 
the rank two buildings given by the residues of B, whose amalgam gives E 2 {C). 


5.2. Amalgams of rank two buildings. Let B he a spherical building of rank at least 
three. As we recalled above, by a theorem of Tits, B is completely determined by its 
foundation E 2 {C) which is obtained as an amalgam of rank 2 buildings, given by the union 
of the residues of rank two containing the chamber G. 

A blueprint for a spherical building B over X, with rank N = ^X, consists of data 
{Ej, where is a labeling system, namely a system that parameterizes the 

i-residues of B. This means that, for each residue ReSj(i3) there is a bijection 

02 : Ej —)■ ReSj(S). 

The {Ejj}ijgx are a collection of generalized n^-gons with labelling by (S'*, Sj), [19] §7.1. 

In general, an amalgam of rank two buildings is given by data {Ej, Ejjjjjgj as above such 
that there is a system of bijections 

(5.1) (t>ij : Ei ^ ReSj(Ey) 

onto the i-th residue of Ej^, see §7.3 of [T9] . 
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The amalgam S = is obtained by gluing the generalized njj-gons along the 

identihcations 

(5.2) = 0,fc(S,), 

that implement the i-adjacency relation. The foundation E 2 {C) is the amalgam of the data 
{Sj, of the blueprint. 


5.3. Splicing graph weights. We hrst discuss a construction of graph weights that reflects 
the operation of splicing together two directed graphs along a common directed subgraph. 


Proposition 5.1. Let Ti and r2 be directed graphs, and let T be a directed graph with 
embeddings /* : T Vi, for i = 1 , 2 , as a directed subgraph. Suppose given faithful graph 
weights {pi, Aj) on the graphs Tj. Consider the graph Ti Ur r2 obtained by gluing together the 
Tj along the common subgraph T. Then setting 


(5.3) 


gic) 


gi{v) T e P(ri) \ P(r) 

g2{v) V e P(r2) \ P(r) 

gi{v)+g 2 {v) veV{T) 


(5.4) 


r Ai(e) 
A2(e) 


e e E(ri xT), r(e) e P(ri xT) 
e e E{T2\T), r(e) e P(r2 x T) 


A(e) = < 


V 


Ai(e)^i(r(e)) 

^i(’^(e)) +^2(r(e)) 
A2(e)^2(r(e)) 

^i(^^(e)) +^2(r(e)) 
Ai(e)^i(r(e)) + A2(e)^2(r(e)) 
gi{r{e)) + g2{r{e)) 


e e E(Ti X T), r(e) e P(r) 
e e E{T2 X T), r(e) e P(r) 
e e E(r) 


determines a faithful graph weight {g, A) on the graph Ti Ur r2. 


Proof. Since the {gi, A*) are faithful graph weights on the Tj, at a vertex v G P(r) we have 
g{v) = gi{v) + g2{v) = ^ Ai(e)^i(r(e)) 

e£-E(ri\r):s(e)=D 


+ A2(e)^2(r(e)) 

egi?(r2\r):s(e)=i) 

+ (Ai(e) 5 'i(r(e)) + A 2 (e) 5 f 2 (i’(e)). 

eG_E'(r):s(e)=i; 

The hrst sum, in turn, splits as two sums 

Y Ai(e)c/i(r(e)) + Y Ai(e)c/i(r(e)). 

ee-B(ri\r):s(e)=-!;,r(e)eU(ri\r) ee-B(ri\r):s(e)=-i;,r(e)eU(r) 

The hrst of these two sums is equal to 

Y A(e)^(r(e)) 

ee£;(ri\r):s(e)=D,r(e)eU(ri\r) 
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while the second is equal to 


E 


Ai(e)^i(r(e)) 
9 i{r{e)) + g 2 {r{e)) 


g{r{e)) = 


E 


A(e)^(r(e)). 


ee-B(ri\r);s(e)=i;,r(e)eV'(r) " eeE(ri\r):s(e)=D,r(e)eE(r) 

The case of the sum over e G -E(r 2 \ T) : s(e) = v is similar. The last sum is 

(Ai(e)^i(r(e)) + A 2 (e)^ 2 (r(e)) = Y Ke){ 9 i{r{e)) + g 2 {r{e)). 

e£E{r):s{e)=v e£E{r):s{e)=v 

Since, if e G T^(r) then also r(e) G ld(r) the latter is also 

Y He)g{r{e)). 

eGE{r):s{e)=v 


Thus, the graph weight equation for the pair {g,X) defined as in (5.3), (5.4) is satisfied at 
all vertices v G 14(r). For a vertex n G lA(ri \ T) we have 

9{v)=9i{v)= Y M(e)£/i(r(e))+ Y Ai(e)^i(r(e)). 

ee£;(ri\r),s(e)=i;,r(e)ey(r) ee£;(ri\r),s(e)=-!),r(e)eV(rixr) 

The first sum is clearly equal to 

Y He)9{r{e)) 

ee£;(ri\r),s(e)=i;,r(e)ev(r) 
and the second sum is also equal to 

Ai(e)^i(r(e)) 


E 


^i(r(t;)) +^ 2 (r(e)) 


g{r{e)) = 


E 


A(e)c/(r(e)). 


ee£;(ri\r),s(e)=i;,r(e)ey(rixr) ^ ^ " eeE(ri\r),s(e)=-!;,r(e)ey(ri\r) 

The case of a vertex in l/(r 2 \ T) is analogous. 


□ 


5.4. Algebras and KMS weights. Following the construction described in we can 
assign to a foundation E 2 {C) of the building B a C^-algebra C*{E 2 {C)), given by the higher 
rank Cuntz-Krieger C*-algebra 

C*{E2{C)) = C*{E2iCY^^)^C*{E2iC)9), 

where we identify E 2 {C) with a 2-dimensional CW complex and we take i? 2 (C)*'^^ to be 
the 1-skeleton, and E 2 {C)q to be the boundary complex as in These are, respectively, 
amalgams of the and the with respect to the residues Ej and the identifications 

(5.2), where the residues 0jj(Ej) = ReSj(Ejj) of (5.1) are seen as subcomplexes of E-j\ They 


also induce subcomplexes of the Ejj g. 

Proposition 5.2. Let Ej^ be the rank two residues in the blueprint {Ej, Ejj}jjgi of a spherieal 
building B. Let {gij, Xij,gij) be faithful 2D CW weights eonstructed on the eomplexes Ejj as 
in Then the following functions determines a faithful 2D CW weight on the foundation 
E 2 {C) ofB: 


V € r(E‘‘>) X r(*j(E.)) 

V € X 


9ij{v) 

{ gik{v) 

gij{v) + gik{v) V G P(0ij(Ei)) = V{(j)ik{Ti)) 


(5.5) 
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(5.6) 


Aij(e) 

A(e) = { Xik{e) 


e G VCEij^g) \ E((pij('Ei)) 
e e \ E{(j)ik{T.i)) 

Xij{e) + Xik{e) e G E{(j)ij{Tii)) = £'(0jfc(Ej)), 


where a) = E(eW) and V{Eik,d) = EiE'f,’), and 


A1)5 


(5.7) 


r]{a) = < 


Vij{(^)Xij{E) 

Xij{e') + Ajfc(e') 

Vik{iy)Xik{e') 

Xij{e') + Aifc(e') 

%'(q')Ajj(eO + r]ik{(T)Xik{e') 

Xij{e') + Ajfc(e') 


(&, (J, 6 ) G E(X^ij Q \ 0jj(Sj)g), 
e' G \ 0ij(Ei)a) 

(6, (T, 6 ) G E(X^{j g \ 0jj(Sj)g), 
e' G = 0ifc(Si)a) 

(6, (T, 6 ) G E(X2^k,d \ 4^ik{^iX)d) 1 
e' G 

(C) ^ ^ 7i/(0jj(Sj)g 0j/j(Sj)g), 

e' G V^(0ij(Si)a = 0ifc(Ei)a). 


Proof. The result follows directly by applying the splicing construction of Proposition ES 
for graph weights to the pairs {gij,Xij) and {Xij,riij), which are, respectively, faithful graph 
weights on the 1-skeleta and on the boundary complexes Sp', 9 , spliced together along the 
residues Sj via the identihcations of (5.1), (5.2). More precisely, recall that a 2D CW weight 
on E 2 {C) consists of data {g, A, A, g), where A(e) = X{e)g{r{e)) and the pairs {g, A) and (A, g) 
are, respectively, graph weights on the 1-skeleton E 2 {C)^^'^ and on the boundary complex 
E 2 {C)q. On the 2-dimensional complex determined by each generalized mj^-gon Sjj we have 
a 2D CW weight, which means data {gij, Xij, Xij, gij) satisfying Xij{e) = Xij{e)gij{r{e)), and 
such that {gij,Xij) is a faithful graph weight on and {Xij,gij) is a faithful graph weight 

on Xlij,d- We apply the splicing construction to the gluing of the and of the along 
the = 0jfc(Sj). This gives, respectively, functions of the form (5.5) and 


(5.8) A(e) = < 


Ajj(e) 

^ij{e)9ij{r{e)) 

9ij{r{e)) + gik{r{e)) 

Xik{e)gik{r{e)) 

9 ij{r{e)) + 9 ik{r{e)) 

^ij{e) 9 ij{r{e)) + Xik{e)gik{r{e)) 
9ij{r{e)) + 9ik{r{e)) 


e 6 EiS'ff X .^y(E.)), 

r(e) e X *,(E.)) 

e e E(jf X ,>y(E.)). 
r(e) G V{(j)ij{Ei) = (j)ikiP‘i)) 

e G EiJ:[^ X 

r(e) G V{(j)ij{Ei) = 0*^(2,)) 

e G E(0ij(Si) = (fikiT^i)), 
r(e) G V{(j)ij{T,i) = 0ifc(Sj)) 
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and functions of the form (5.6) and (5.7). It remains to check that the compatibility condition 
A(e) = X{e)g{r{e)) is satished, knowing that Ajj(e) = Xij{e)gij{r{e)) on each Sjj. This means 
checking that, given g and A as in (5.5) and (5.8|), the function X{e)g{r{e)) satishes 


(5.9) X{e)g{r{e)) = 


>^ij{e) 9 ij{r{e)) e e \ 

Xik{e)gikir{e)) __ e e \ 

Xij{e)gij{r{e)) + Xik{e)gik{r{e)) e G 


This is indeed the case, by direct inspection, combining (5.6) and (5.7). 


□ 


Remark 5.3. The splicing construction of Proposition |5.2| works for 2D CW weights, but 
would not work for tight 2D CW weight, because the different splicing conditions (5.6) and 
(5.8) would not allow for the tight matching condition A(e) = A(e). 
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